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Abstract 

The non autonomous Cauchy problem idtu = —d 2 x u+a(t)6ou with ut=o = i*o is considered 
in L 2 (R) . The regularity assumptions for a are accurately analyzed and show that the general 
results for non autonomous linear evolution equations in Banach spaces are far from being 
optimal. In the mean time, this article shows an unexpected application of paraproduct 
techniques, initiated by J.M. Bony for nonlinear partial differential equations, to a classical 
linear problem. 
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1 Introduction 

This work is concerned with the dynamics generated by the particular class of non-autonomous 
quantum Hamiltonians: H a ^ = —^2 +a(t)5, defining the time dependent delta shaped perurba- 
tions of the ID Laplacian. Quantum hamiltonians with point interactions were first introduced by 
physicists as a computational tool to study the scattering of quantum particles with small range 
forces. Since then, the subject has been widely developed both in the theoretical framework as 

well as in the applications (we refer to [2] for an extensive presentation). For real values of the 

,2 

coupling parameter a, the rigorous definition of: H a = — + a8 arises from the Krein's theory of 
selfadjoint extentions. In particular, H a identifies with the selfadjoint extension of the symmetric 
operator: Hq — —4^s, D(Hq) = C^°(R\{0}) defined through the boundary conditions 



ip'{Q+) - V>'(0 _ ) =atp{0) 
V>(0+) - ip(0~) = 



(1.1) 



^(0^) denoting the right and left limit values of ip(x) as x — > [2j- Explicitely, one has 

D{H a ) = {iP e H 2 {R\ {0}) n H^R) I V'(0+) - <//((T) = cm/>(0) } (1.2) 

H a il> = —^il> inK\{0}. (1.3) 

When a(t) is assigned as a real valued function of time, the domain D(H a ^) changes in time with 
the boundary condition {TTT| , while the form domain is given by i? 1 (R). The quantum evolution 
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associated to the family of operators {-ff a (t)} is defined by the solutions to the equation 



if t u = H a{t) u (14) 



U|t=0 = u ■ 

The mild solutions are the solutions to the associated integral equation 



u(i) = e ltA u - i \ e l{t ~ s)A q{s)S ds (1.5) 



o 

with q(s) — a(s)u(s, 0) . The questions are about: 

• the regularity assumptions on t — ► a(i) for which l|1.4p defines a unitary strongly continuous 
dynamical system on L 2 (R) 

• the meaning of the differential equation (|1.4p . according to the regularity of t — > a(i) . 

General conditions for the solution of this class of problems have been long time investigated. 
In the framework of evolution equations in Banach spaces, Kato was the first who obtained a result 
for the Cauchy problem 

i u = A (t)u (1 g) 

u t=0 = u 

when t — > A(t) is an unbounded operator valued function j6]. This result, which applies to the 
quantum dynamical case for A{t) = —iH(t), requires the strong differentiability of the function 
t — » A(t) and the time independence of the domain D(A(t)). Afterwards, a huge literature was 
devoted to this problem in the main attempt of relaxing the above conditions (e.g. in [TT] and 
[9]; a rather large bibliography and an extensive presentation of the subject are also given in [5]). 
In particular, the time dependent domain case was explicitely treated in [8] by Kisyhski using 
coercivity assumptions and C z 2 oc -regularity of t — > A(t). The regularity conditions in time were 
substantially relaxed into a later work of Kato [7j who proves weak and strong existence results, for 
the solutions to f| 1 .6(1 . when {A(i)| forms a stable (a notion defined in [^-Definition 2.1 expressing 
uniform bounds for the norms of resolvents) family of generators of contraction semigroups leaving 
invariant a dense set Y of the Banach space X, and the map t — > A(t) is norm-continuous in 
C{Y.X). 

Due to the particular structure, point interaction Hamiltonians allows rather explicitely energy 
and resolvent estimates, so that most of the techniques employed in the analysis of non- autonomous 
Hamiltonians can be used to deal with the equation l|1.4p . provided that a(t) is regular enough. At 
this concern, the Yafaev's works [12], [13] and [10] (with M. Sayapova) on the scattering problems 
for time dependent delta interactions in the 3D setting are to be recalled: There the condition 
a e Cf oc (t , +oo) is used to ensure the existence of a strongly differentiable time propagator for 
the quantum evolution. Such a condition, however, could be considerably relaxed. In our case, 
for instance, a first appraoch consist in adapting the strategy of [H] by constructing a family of 
unitary maps Vt.t Q such that: Vt t t H a ^V t * t has a constant domain; then, it is possible to solve 
the evolution problem for the deformed operator by using results from [7]. To fix the idea, let yt 
be the time dependent vector field defined by 

m = g(yt,t) 
yt = x 

with g(-,t) £ C°(0,T; C£°(R)), supp g{-,t) C (-1,1), and g(Q,t) = for each t. Under these 
assumptions, (|1.7p allows an unique solution depending continuously from time and Cauchy data 
{t ,x}. Using the notation: y t = F(t,t ,x), one has 



d x F(t,t ,x) = e f to dl3( - y " s)ds >0 VxeK, (l.f 
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d±g(-,s) denoting the derivative w.r.t. the first variable. This condition allows to consider the 
map of x — ► F(t, to, x) as a time-dependent local dilation and one can construct the family of time 
dependent unitary transformation associated to it 

( (V to , t u)(x) = (d x F(t,t ,x))K(F(t,t ,x)) 

I V t fy = v t ~\ 

Under the action of Vt t t„, the equation l|1.4p reads as 

/ l ft v = V t,t H a{t) V to , t v - i (\[d y g]{y,t) + g{y,t)d y ) v 
[ v t=0 = u 

with 

V t ,t H a{ t)V to ,t = ~d y b 2 dy + a 2 - (d y ab) + b a(t)5 

b(y, t) = e f M> ^9(F( s ,t,y),s) ds. ^ = ^ f) 

a(y, t) = \f d 2 g (F(s, t, y),s) e £ M^.'*),-') ds ' ds 

and V t .t Q u = v. Set: A(t) = iVt,t H a ^V ta ,t + {^9 y g(y,t) + g(y,t)d y ), the domain D(A(t)) is the 
subspace of H 2 (JS\ {0}) n iJ 1 (R) identified by the boundary condition 

6(0, t) [u'(0+) - u'(CT)] = a(t)u(0) 

For a € M /1,1 (0,T) and sign(a(t)) = const., one can determine (infinitely many) g(y,t) such 
that: j:b(0, t) = a(t) for a fixed constant k. With this choice, the operator's domain is constant, 
D(A(t)) = Y . Moreover, under the same conditions on a, one can shows that A(t) defines a stable 
family of skew-adjoint operators t-continuous in L^H 1 , i? _1 )-operator norm. Thus, one can use 
the Theorem 5.2 and Remark 5.3 in [7] to get strongly solutions for the related evolution problem. 
This is summarized in the following Proposition. 

Proposition 1.1 Let a £ W l,l {0,T), sign(a(t)) — const, and uq 6 D(H a /Q\), There exists an 
unique solution u t of the problem \l-4\ ), with: u t € D(H a t t \) for each t and u' t £ C°(0,T; i 2 (K)). 

In spite of those improved results with already known general tools, our aim is to prove that they 
are far from being optimal. An additional structure can lead to the same conclusions with weaker 
regularity assumptions. This is the question that we propose to explore with one dimensional 
^-interactions which allow direct and explicit computations. The main result of this paper is the 
following. 

i 

Theorem 1.2 1) Assume a £ Hj^ c (M.) , then for any uq G H 1 (M) the integral equation (1.5)) 
admits a unique solution u G C(R;iJ 1 (IR)) with idtu — a(t)u(t,0)So G C(R; H^ 1 (M.)) and &l-4\ ) is 
weakly well-posed. 

2) With the same assumption, (1.5]) defines a unitary strongly continuous dynamical system U (t, s) 
on L 2 (R) . 

3) // additionally a G HfJ* (R) , then for any uo G D(H a (n\) the solution u of (1.5)) belongs to the 
space C 1 (R;L 2 (M)), with u(t) G D(H a{t) ) for every t G R. 

Remark. The problem of defining the quantum evolution for ID time dependent delta interactions 
has also been considered in a nonlinear setting [l] where a is assigned as a function of the particle's 
state, in our notation: a(t) = 7|ut(0)| 2<T , with 7 G R, cr G R+. In this framework, the authors 
prove that solutions to the nonlinear evolution problem exist locally in time for uq G H p with p > \ 
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and: U(t, s)uo(O) G ff^ c 4 as a function of time. This corresponds to the condition: a G H" oc 
with v > J- Although a linear problem is considered here, the result of Theorem 11.21 improves 

significantly the regularity condition: a G if^ 4 (R) is weaker than a continuity assumption. 

In what follows, D x denotes id x = T^ 1 o (£x ) o J 7 , where 3- is the Fourier transform in position 
(or in time) normalized according to 

F<p(£) = f e^ x ip(x) dx . 

The Sobolev spaces are denoted by i/ s (R), s£l, their local version by Hf oc (WL). The notation 
u e i/ s+0 (R) means that there exists e > such that u e H S+£ (R) (inductive limit) and its local 
version u G iJ ; s o ^ (R) allows sr > to depend on R > while considering the interval [— R, Rj. 
More generally the Besov spaces are defined through dyadic decomposition: For (p,r) e [l,+oo] 2 
and s£K, the space r is the set of tempered distributions u such that 

||u|| B . r := (2« s ||A 9U || iP ) fr < +cx^, 

where A q = Lp(2~ q D), q e N, is a cut-off in the Fourier variable supported in C _1 2 9 < |£| < C2 q . 
Details are given in Appendix El Finally, the notation '<', appearing in many of the following 
proofs, denotes the inequality: '< C\ being C a suitable positive constant. 



2 Proof of Theorem OH 

This theorem is a consequence of simple remarks, explicit calculations and standard applications 
of paraproduct estimates in ID Sobolev spaces. Let us start with some elementary rewriting of 
the Cauchy problem l|1.4p . 

2.1 Preliminary remarks 

• First of all equation (|1.4p or its integral version (|1.5p are local problems in time so that to = 0, 
t e [—T,T] for some T > and even supp a C [— T/2, T/2] can be assumed after replacing 
a with ar(s) — a(s)x(y) for some fixed x € V^i 1/2)) and X = 1 near s = 0. The 
dependence of i? s -norms of q;t with respect to T will be discussed when necessary. 

• The equation l|1.4p or its integral version (|1.5p makes sense in 5'(R X ) as soon as u(t,0) is 
well defined for almost all t G [—T,T] and q(t) = aT(t)u(t,0) is locally integrable. Then it 
can be written after applying the Fourier transform as a local problem in £ G R 

r ifl e a(t,o = KI 2 «(*,0 + ?(*) ,,,, 
\s(o,o = So(0 ( j 

with = a T (t)u(t,0) = a T (t) / u(t,£) d£. (2.2) 
This is equivalent to the integral form 

ft 

u(t,0 = e- lt| « |2 u (0 - i / e - i( '- s)l€|S 'g(s) (2.3) 

j o 

with q(t) = q (t) - ia T {t) [ [ e-^-'W q(s) dsd£ (2.4) 

by setting g (0 = &T(t)[e' ltA uo](0) ■ The assumption u G -£P(M), s > 1/2, (resp. uq G 
L^R)) ensures that [e' itA w o ](0) G C°([-T,T]) (resp. ^[e^oP) € C°([-T,T])). Such 
an assumption as well as looking for u(t) G H 1 (R) ensures that the quantities qo(t) and q(t) 
make sense for almost all t G [—T,T], 
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• With the support assumption supp cut C [— T/2, T/2], the convolution equation (|2,3p can be 
written 

g(t) = ©(i) - ia T (t) [ f l[- T ,T](t- s)e- l(t - s)l « |2 l hT .T](s)g(s) dsdC in Z>'(R) 

JO JR 

:= - ia T (t)Cq{t) := go(t) + . (2.5) 

• Once g is known after solving Q2.50 . equation l|2.3p with i g E reads simply 

u(t,0 = e-«lfl a uo(0 - ie-«l«lV [«l [0lt] ] (-ICI 2 ) • (2.6) 

• When uo and 3 are regular enough the time-derivative of the quantity l|2.3p gives 

id t (d t u)(t,0 = \tfd t u(t,0 + <l'(t). 
By Duhamel formula, this implies 

d t u(t,0 = e~ lt l«l 2 9 t u(0,O-« / e- l(t - sm2 q'(s)ds, 
while (|2A|) says for t = 







a t u(o,c) = ^ici 2 "o(0-^(o). 

Therefore we obtain for t EM. 

id t u(t,0=e- it ^ [|C| 2 "o(O+9(0)] + e - tt| « l V[(9 s g)l [0 , t] ] H£| 2 ) • (2.7) 

2.2 Reduced scalar equation for q 

Let us now study the equation (|2.5p written: 

g = 90 + £a<7 

with 

C a q := -ia T {t)Cq = -ia T (t) f f 1[_ t ,t](* ~ s)e- l ^l«l 2 l hT:T] (s)g(s) dsd£ . 



Solving this fixed point equation relies on the next result. 
Proposition 2.1 TTie estimate 

\\Cq\\h- ^Tilll^ijCDt^llia+T^^ljo^H^, + \\ql [ - T ,o]\\H»-o 

holds for every seM and 9 e [0, |] . 

Proof: Owing to J R e ±iA l«l 2 = ^= for A > 0, Cq writes as 

-Lc9(i) = e-** f l [0 ,T](g)g(g) 1[ °' Tl( *~ S) fe + e^ / l hr , 0] ( S )g( g ) 1[ " T ' 0](t T S) rf g 
Passing to the Fourier transform, we get 



One easily checks 



dt 



This yields for every 8 £ [0, i], r G 



< 2%/T and 



\/* 



df 



< 



T 2 - 



dt 



< rn h u](r) + r^ e |rr e i {RM _ lil]} (T). 



lo y/l 

Thus we get for every s G R, 6» G [0, |], 

||£g|| ff a <T*||l [ _ M] (A)«IU»+T4- fl (||l [0 ,ri?|| ff .-. + ||l [ _T,o]9||H— 



□ 



Proposition 2.2 L Let uo S H S (R X ) with s > 1/2 and let a £ ff,* c (Kt) . Then the equation 

i 

{HHP /ias a unique solution q £ Lf^ c (Rt). Moreover, for a fixed uq £ i? s (R x ) wit/i s > 1/2, 
t/ie map a i— > q is locally Lipschitzian from Hi(M. t ) to Hi(M. t ) . 

3 

2. Let uq £ iJ 1 (R x ) and let a £ i?,* c (Rt) . Tften t/«e equation 112. 5\) has a unique solution 

3 

q £ #; 4 oc (R t ). Moreover, /or a /ized u G LZ" 1 ^) the map a t-^ q is locally Lipschitzian from 
Hi(R t ) to Hi{R t ). 

3 i g 

5. Let uo G H 1+2e (R x ) and let a £ Hf oc (R t ) , for some e > 0. T/ien t/ie equation $2.5)) has a 
unique solution q £ Hf (Rt). 

Proof: 1) Let us first prove that go G Hi when uq G H^ +e . Write first 



Z7T 



tr [^(v7)+^(-V?)] 



dr 
2ttV^ 



= /(t)+/L(t). 
The first term I(t) defines a C°° function with 

WIWb* 



< 



\uo\\l* 



for every s £ R . On the other hand, the Fourier transform of IL equals 

H{-t) = 1[i,oo[(t) ("o(Vt) +uq(-Vt : )) 
The Sobolev regularity of the second term, IL, is given by: 



/+oo 



J2.V 



dr 



for any v £ R . Now, write 



< |K|| ff 2„-l/2 , 

q {t) = a T (t)I(t)+a T {t)II(t). 



(2.8) 
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Lemma [A3|-b) applied to the first term, implies 



\\a T I\\ H i < 11^11^11/1^5+^ 
^ \Wt\\ h ^\\u \\ L 2. 

For the second term, use Lemma [Ol a) . Sobolev embeddings and Q2.8J1 

\\^n\\ Hk <\\a T \\ Hk \\n\\ BLnLaa 

<||a T || Hi ||7/|| Hi+s 

^ II"t|| h i ||u || H i +e . 

By combining these estimates, we get 

IMI H j < ||ar|| H il|«o|| H j + . • 

It remains to estimate ax- Let x € T>(R) with x = 1 in [—1,1] and set a{t) = x(i)a(£) • By using 
again Lemma [A.2l -a). we get for < T < 1 

\\a T \\ Hi <\\a\\ ^JxiT-^W i t • 
A change of variable in the Fourier transform F [x(T -1 .)] ( T ) = Tx(Tt) leads to 

\\x(T- x .)\\ H »<T$-*\\x\\ Hll and Hx^OIIb^ % ^ IWIfl^ > (2-9) 
for /x > and T < 1. Hence we get 

and 

IMI ff | <||5|| ffi ||uo|| ffi+ . (2.10) 
In order to estimate the the operator £, use Lemma [Ol a) 

IIArfll^i < \Wr\\ Hk \\^\\ B h^ Laa 
< \\a\\ Hk \\Cq\\ Hi+ . , 

while Proposition 12. II savs 

\\Cq\\ Hi+c <T^\\q\\ L 2+Ti-"{\\l [0tT] q\\ Hi + ||l[-T,0]<Z|| ffi ) • 
Hence we get for < T < 1 and by Lemma fA~2l -a) 

M ff ^<T*-«|Ml ffi 

This yields 

\\£aq\\ Hi <\H Hi Ti-°\\q\\ Hi . (2.11) 



This proves that £ is a contracting map in Hi for sufficiently small time T. The time T depends 
only on Hall i 

II Wjj-g 

problem (f275|) . 



only on ||a|| i and then we can construct globally a unique solution q S i?j* c (R) for the linear 
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It remains to prove the continuity dependence of q with respect to a. Let a,a £ H* oc and q, q the 
corresponding solutions then we have 

q(t) - q(t) = a T {t)Cq{t) - a T {t)Cq(t), with a T {t) = a(t) X (t/T). 

Since L is linear on q then 

q{t) - q(t) = a T (t)C(q - q)(t) + (a T - a T ){t)Lq{t) 
= C a (q- q){t) +£ a ^ a q(t). 

To estimate the terms of the r.h.s we use l|2.1ip 

\\£ a (q~m H i<M Hi T^\\q-q\\ Hi , 

\\C a -aq\\ — all iT 3 ~ e lloll i. 

With the choice of T done above we get 

s \\®-m H iM H i- 

This achieves the proof of the continuity. 

2) Write again q Q (t) = a T (t)I(t) + a T (t)II(t). Lemma [K3 b) implies 

ll"Ti"H H | < ||aT|| H |||/|l B 3 +e 

^ \\ a T\\ H 3\\uo\\ L 2 ■ 

Since Hi is an algebra the inequality 



<T-3||5|| a 



holds for T E [0, 1], owing to (f2T9|) . 
It follows 



\\a T I\\ Hi <T-*\\a\\ Hi \\u \\ L 2. 



The second term is estimated with (12.81 



Finally we get for T e [0, 1] 



\\a T n\\ H i < \\a T \\ Hi \\II\\ Hi 

^ T ~~\m H i\\ u o\\m 



Using Lemma [A.2l -a)-d). Sobolev embeddings and Proposition 12.11 (with = ^ and 6 = gives 

l|£a?|l H f ^ ll"T||L-||^|| ff | + ||aT|l K |||A||i- 

< ||a|U~T^(||gl [0>T] || ff i +||?l[_T,o]ll ff j)+T-i||5|| ff j||/:«|| ffi+ . 

< ll«ll H i^||g|| ai +T-i\\a\\ Hi Ti\\q\\ Hi+e . (2.12) 



Thus we get for < T < 1, 



\\C a q\\ Hi <\\a\\ Hi TT-,\\q\\ H s. 
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This proves that £ is a contracting map in H * for sufficiently small time T. The time T depends 

3 

only on ||o;||„| and then we can construct globally a unique solution q S H^ c (J&) for the linear 
problem. 

For the locally Lipschitz dependence with respect to a, the proof is left to the reader: it can 
be done easily done like for the case a £ H* . 

3) Like in the proof of the second point 2) we get 

IMI ff j+. < ||ar|| ff j + .(||uo|U» + \\II\\ ni+ .) 

<T-i- £ \\u \\ H i+2.. 

Reproducing the same computation as l|2.12p leads to 

ll^affll^f+e < 11^11^-11^11^1+, + \\a T \\ H i +e \\Cq\\ L °o 

< ML^T^(\\ql [0iTi \\ Hi+ . + \\ql [ _ Tfi] \\ Hi+ .) +T-i- e \\a\\ Hi+e \\Cq\\ Hi+e 

< ||5||^rA|| g || H x +e + T-i- s ||5|| Hi+e Tl+ s || 9 || ffi+2£ 

<TA 11511^11,11^. 

With the fixed point argument we can conclude the proof. □ 



2.3 Regularity of u 

We start with the following result. 

Lemma 2.3 For s6l, let be the closed subset of H s (R t ) 

H^ = {ue H s (R t ), supp u C [-T, T}} , 
endowed with the norm || \\ H s ■ For any T > and any s € K., there is a constant Ct,s such that 

V/ e Hp 1 , W^- 1 [Tf(-\ti\ 2 )} \\ HS < C T , S \\f\\ H s~i ■ 
Proof: It suffices to compute 



(i + ICIT fHtf) 



< max 
re[o,i] 

< max 

re [0,1] 



2rV2 
fi-r) 



f(~r) +11/11 



/(-r) dr 



(1 + r) -l/2 J { _ t) 



dr 



where /(r) = (e tTX x(x) , /) with \ S 2?(R) with value 1 in [—T,T]. By duality we have for v € 

sup |/(r)| < \\f\\u» sup He^xOllH- 

0<r<l 0<r<l 



<cl v \\f\W 



□ 



The main result of this section is the following. 



Proposition 2.4 1. Let uo € iJ 1 (K :E ),Q; 6 iJ^ c (]R t ), i/ien i/«e equation \ 1.5)) has a unique 
solution ueC(R;H 1 (R)) . 
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2. Let i*o G D(H a /Q-\), a 6 i/j* c (R t ), i/ien i/ie equation $1.5)) has a unique solution u belonging 
to the space C^R; L 2 (R)), with u(t) G D(H a{t) ) for allteR. 

Proof: 1) The solution of (|1.5[) is obtained via the equation (|2.6j) 

= e- lt| « |2 u (C) - ie- l *l«lV [«l [0 , t] ] (-ICI 2 ) • 
Let us check that we have the required regularity for u. Applying Lemma [2751 to l|2.6p implies 

IK*)||hi < \\uo\\m+C\\ql m \\ Hk . (2.13) 
Lemma [A]2]-a) and Lemma [Bj] yield 

Ikiictill^i <lkll ffi l|i[o, t] ll B ^ ni3o 
<CtNl ffi . 

This proves that u G L^ C (R; H 1 ). It remains to prove the continuity in time of u. First notice that 
we need for this purpose to prove only the continuity in time of v(t) := u{t) — e ltA uo- This will be 

3 

done in two steps. In the first one we deal with the case a G -ff ; * c . In the second one, we go back 

i 

to the case a E Hf oc . 

3 

• Case a G HA c . Remark that according to Proposition 12.21 -2) we can construct a unique solution 

3 

q G H* oc for the problem l|2.5p . An easy computation gives for 

IK*) - v{t')\\H^ < I sin 2 ((* - t' 2 /2))(l + [ql m ] (-|£| 2 )| 2 d£ 

Jr 

+ lk(l[o,i] - l[o,t']) Ho- 
using the fact sin 2 x < \x\ £ , Ve € [0, 1], and Lemma l2~3l gives 

/ sin 2 {(t - t' 2 /2))(l + It] 2 )]? [ql M ] (-\e)\ 2 <% <\t- f' e ||gl [0 , t ]|L i+5 . 

It suffices now to use Lemma TA^t -a) 

jf sin 2 {(t - t' 2 /2))(l + |e| 2 )|^ [gl [0 , t] ] He| 2 )| 2 rfC < |* - t' s \\q\\ Hi+i . 

For the second term we use again Lemma ESJ-c) combined with the proof of Lemma fB. II 

lk(l[o,t] - l[o,*'])ll H i < ||g|| H i + e||l[o,t] - l [0 , f ']|| ffi - E 
<ll?ll H | +E |t-t' £ 

3 

This concludes the proof of the time continuity of u when a G H£ . 

i 

• Case a G ff(o C - We smooth out the function a leading to a sequence of smooth functions a n that 

i 

converges strongly to a in H? oc , To each a n we associate the unique solutions q n and u n . From 
the first step u n belongs to C(K; -ff 1 ). Similarly to (|2.13p we get for n, m G N 

By Proposition 12.21 -a). {q n } is a Cauchy sequence in Hi and thus {u n } converges uniformly to u 
in L^H 1 . This gives that u G C"([-T, T], i? 1 ), for every T > 0. 
2) Recall from that 

= e-«l«lV(fr a(0) «o)(0 + e" i4|€l V [(5w)l[o,t]] (-ICI 2 ) ■ 
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Since uq £ D{H a (m) then the first term of the r.h.s belongs to C(R;L 2 ). On the other hand we 
have D(H a ( ) C Hi~ d for any d > 0. It follows from Proposition 12 .41 1 ) that we can construct a 
unique solution q £ Hi . Now, let w(t) := idtu — e ltA H a t \Uo. Then Lemma l2~3l yields 



\w( 



;(i)ll£3 < \\q'lio,t]\\ H -i- 

Lemma [A3|-a) and Lemma TB . 1 1 imply 

\Wl M \\ a -i <ll?'ll H -|l|l[o,]ll B 
<Cr||«/|| ffi . 

Thus we get for every t £ [— T, T] 

IK*)IU»<Cr||g|| ffi . (2.14) 

It follows that w £ L^ C (R; L 2 ). To prove the continuity in time of w we use the same argument as 
for the first point of this proposition. We start with a smooth function a, that is a £ . This 

gives according to Proposition [22J-3) a unique solution q £ H* +£ . We have the following estimate, 

3 

obtained similarly to case a £ H^ oc discussed above, 

\\w(t) - w(t')\\ L * <\t- t'\ s \\q'l [0it] \\ H _ i+i + \\q'(l m ~ W])U H -i. 
Using Lemma [A.2l -a) with s = — j + | gives 

For the second term of the r.h.s we use Lemma fA.2l -c- with s = —\ + e,s' = \ — s and Lemma fB. II 

ll</(i[o, t ]-i[o, t '])ll H -4 <l*-*'l e l|g|| 1 , i+ .- 

This achieves the proof of the continuity of w in time for a £ H^ oc . Now for a £ Hft^, we do 
like the first point of the proposition: we smooth out a and we use the continuity dependence of 
q with respect to a stated in Proposition 12.21 -2) combined with the estimate (|2 . 14[) . By writing 
idtu = H a mu(t) we get that for every t £ R, u{t) £ D(H a n\). □ 



A Paraproducts and product laws 

The aim of this section is to prove some product laws used in the proof of the main results. For this 
purpose we first recall some basic ingredients of the paradifferential calculus. Start with the dyadic 
partition of the unity: there exists two radial positive functions x & 2?(R) and ip £ X>(R\{0}) such 
that 

x(0 + X>(2-'0 = l. V£eK. 

For every tempered distribution v £ S' , set 

9-1 

A_iu = x(D)v ; V<? £ N, A q v = ip(2- q D)v and S q = ^ Aj. 

3=-l 

For more details see for instance [1][3]. Then Bony's decomposition of the product uv is given by 

uv = T u v + T v u + R(u, v), 
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with 

^ uV = E S q -iuA q v and R{u,v) = ^ A q uA q >v . 
q k'-g|<i 

Let us now recall the definition of Besov spaces through dyadic decomposition. For (p, r) e [1, +oo] 2 
and s € R, the space is the set of tempered distribution u such that 

||«||bj iP := (2*>\\A q u\\ LP ) ^ < +00. 

This definition does not depend on the choice of the dyadic decomposition. One can further 
remark that the Sobolev space H s coincides with B| 2 - Below is the Bernstein lemma that will 
be used for the proof of product laws and which is a straightforward application of convolution 
estimates and Fourier localization. 

Lemma A.l There exists a constant C such that for q, k € N, 1 < a < 6 and for f € L a (K), 
sup \\d a S g f\\ L ><C k 2« k+1 «-^\\S q f\\ L a, 

\a\=k 

C- k 2i k \\A q f\\ L « < sup \\d a A q f\\ L a < C*2« fc ||A,/|| L .. 

\a\=k 

The following product laws have been used intensively in the proof of our main result. 
Lemma A. 2 In dimension d = 1 the product (it, v) 1— » uv is bilinear continuous 

a) from H s x (B| ;OC n L°°) to H s as soon as \s\ < \ ; 

b) from H s x B^^o t° H s as soon as s > and e > 0. 

c) from H s x H s ' to H s+S '~^ as soon as s,s' < ^ and s + s' > 0. 

d) For s > 0, H s n L°° is an algebra. For s > ^, H s is an algebra. 
Proof: a) Using the definition and Bernstein lemma we obtain 

ll^||^<^2 2 ^||5 9 _ lU ||i.||A 9W ||| 2 

<ll.ll 2 , £2 2 <^)||VHI!~ 

B 2,oc q 

^M 2 B h E( E 2^2i||A pU ||L 2 ) 2 

2,00 q p<q-l 

Z\M 2 Bi E( E 2^)(-^(2^||A pM || i2 )) 2 

2,0c (j p<q— 1 
B 2 

- D 2,oo 

We have used in the last line the convolution law I 1 * t 2 —^£ 2 . 

For the second term T v u we use the fact that S q -i maps L°° to itself uniformly with respect to q. 

ll^|| 2 ffs <^2 2 ^||Vi«ll!~l|A^||i2 
q 

< 11 11 2 11 11 2 

^ || V|| ^OO II M|| JLf S . 
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To estimate the remainder term we use the fact 

A q 1l(u,v) = ^2 A q (Aj<uAj>v). 



j>q — i 

b'-a'l<i 



According to Bernstein lemma one gets 

2« s \\A q {n{u,v))\\ L * <2«<-+*> Y, \\^M\l4^v\\ l , 



j>q-4 
|3-J'I<1 



< 2 (q -^ s+ ^2 js \\A 3 u\\ L 22 j '^\\A j ,v\\ L 2 



j>q-4 
I J — J ' I < 1 

< ||v|| 1 



J2 2 (q - Ms+ ^2 : ' s \\A 3 u\\ L 2. 

j>q-4 



It suffices now to apply the convolution inequalities. 

b) First remark that the case s = is obvious: L 2 x L°° — > L 2 and B^ ^ L°° . Hereafter we 
consider s > . To estimate the first paraproduct, use the embedding B^^ <^-> i?^ 2 , for e > 0. 

\\T u v\\ 2 Hs <Y^ 2qs \\S q -iu\\h\\A q v\\U 

£ IMU 2 IMIb^ 2 

For the second term we use the result obtained in the part a): 

IMlr.^E 2a "IIVi«lli-l|A,u||i a 
i 

SIMIi-ll* 
<NI^+« \M\%. 

To estimate the remainder term we write 

2« s \\A q (K(u,v))\\ L z<2«* J2 IIAiuH^HA^IU- 

j>q-4 

\i-i'\<i 



<\\v\\ L ~ Yl 2(^>2^||A^|| L2 . 



j>q-4 

\i-j'\<i 



Since s > then we obtain by using the convolution inequalities 

\\n(u,v)\\ H s < \\v\\ L ~\\u\\ H .. 

c), d) These results are standard, see for example [I]. 



□ 



B Sobolev and Besov regularity of cut-offs 

Lemma B.l 1. For any v < 1/2, t i— > l[o, t](s) belongs to C(R+; H ly (M.)) . More precisely we 
have for \t-t'\ < 1 

||l[o,t]-l[o,f]l|if <l*-«'l' _l/ - 



1.3 



2. The map t i-> l[ ,t](s) fceZcm^ io _B 2 2 ;00 (R)). 

Proof: 1) The Fourier transform of l[ t](s) equals J 7 (l[ t])(r) = e _ iT ~ 1 - One gets for z/ e 
[0,1/2) 

/ (1 + ^ - ^( Wf W dr = 4 /(I + ^^-W^ rfr ;= 

JR JR r 

Let A > 1 then 

/< 1*2 -til 2 / r^dr+ / r 2 ^ 2 dr 
Jo J\ 

< Ita-ti^A^+A 2 "- 1 . 
Choosing judiciously A then we obtain for \t2 — t\\ < 1 

|| ![o,*i] - l[o,t2]|| H - - ^ I* 2 _ ^l^ 2 " • 
2) We set /t(s) := l[o i *](s), then have 

ll/t||% <||/|H 2 +max2« [ \7t(r)\ 2 dr 

< \t\ +max29 / |r|- 2 dT 

<JGN > /2«<|t|<2«+ 1 

< 1*1 + 1- 

□ 
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